MUMEBAI UNIVERSITY

SEMESTER 2
APPLIED MATHEMATICS SOLVED PAPER — DECEMBER 2017

N.B:- (1) Question no. 1 is compulsory.
(2) Attempt any 3 questions from remaining five questions.

2
—X
Q.1.(a) Evaluate [”—= dx [3]
ooe_x2
Ans : Let 1= J — dx
Put x*=t => x=/t => Jx=t/*
Differentiate w.r.t x,
dx= % dt lim — [0,0]
o0 et §-3/4
=3 e1 t - dt
- % “ et ti ldt
But we know that,
f0°° e t.t""1dt = gamma(n)
al= I (1) ................. {By the definition of gamma fn}
2 4
(b) Solve (D3 + 1)?y =0 [3]

Ans : (D3 +1)%y =0
For complementary solution,
f(D) = 0
~(D¥+1)2=0




~(D3+1) =0

PR S N

Rootsare:D=-1,-+i— , - —i— .. for two times
2 2 2 2

Roots of given diff. eqn are real and complex.

The general solution of given diff. eqn is given by,

Vg =¥e = (c1+xc2)e™ + ez[(c3+xcq)cosx + (c5 + xcg)sinx]

(c) Solve the ODE (y + % y3 + %xz) dx + (x + xy2)dy = 0 3]
Ans: Compare the given diff. eqn with Mdx + Ndy =0
~ M= (y+§y3 +;x2) =N = (x + xy?)
oM 2 ON __ 2
o 1+y ol 1+y
oM AN
ay T ox

The given differential eqn is exact.

The solution of exact differential eqn is given by,

[ Mdx + f[N—aindx]dyzc

3
Mdx= [(y+3y*+328)dx=xy+5y° +2
a — 2
a_nydx—x+xy

f[N—%de]dyz J[ x+ xy? — (x + xy?)]dy=0

3
xy+Zy3 4+ =c
3 6




(d) Use Taylor’s series method to find a solution of% =1+y%,y(0)=0

At x=0.1 taking h=0.1 correct upto 3 decimal places. [4]
Ans : a—1+y x9 =0,y9 =0, h=0.1
y =1+y? Yo =1
y' =2yy Yo =0

rr

y' ' =2yy" +2y.y y, =2

Taylor’s series is given by :

! 2 14
¥(0.1) = yo + h.yo + oy, +

0.1x0.1 0.1x0.1x0.1

=0+0.1(1) + (0) + (2)
y(0.1) =0.10033
(e) Given f dx —tan‘l(g) using DUIS find the value of
X dx
fo (x2_|_a2)2 [4]
Ans : f: Zrzdx =tan"' ()

Differentiate w.r.t a, taking ‘a’ as parameter
T *_1 _dx="rltan1(*
Efﬂ x2+a? dx = da [a tan (a)]
Applying D.U.L.S rule,
D.U.L.S rule says that if function and its partial derivative is continuous then

we can apply differential operator in the integral operator by converting it

into partial derivative taking one parameter fro function.




fxa 1 dx = 1tan_1x>(1+ -X
0 da x2+a? T a a a a(x%*+a?)

—X

x 2a? 1 _ 1
[P 2 _dx =--tan"1Zx -+
a a a

0 x2+a? a(x2+a?)
x dx _ 1 —-1Xx x
fO (x%+a?)?2 dx = ﬁtan a * 2a2(x%+a?)
(f) Find the perimeter of the curve r=a(1-cos 0) [4]
Ans : Curve: r=a(1-cos 0)
y
r=a(1-cos 0)
< (0,2a) > X

Perimeter of given curve is,
dr
=2X E 2 —)2 d9
S=2x [FVr? +(-9)?)
Y- a(sing) => (ﬁ)2 = a’sin®*0
de de
dr

r? + (%)2 =a’[1 — 2cos0 + cos?0] + a’sin’0

Vrz + (%)2 =vZa (1 — cos 6)/2
=VZaVZ sin(g)
S=2 fon VZavzZ sin(g) do

= 4a ["sin (®) do
0 2




4a[-2 cos(3) ]

S= 8a
Q.2.(a) Solve (D3+D? + D + 1)y = sin’*x [6]
Ans : (D3+D? + D + 1)y = sin®x

For complementary solution,
f(D)=0
~ (D3+D*+D+1)=0
Rootsare:D=-1, +i, -i

The complementary solution of given diff eqn is,

Yo = €1€08 X + c38inx + cze™*

For complementary solution,

=1 x-= 1 sin’x = -
Yp f(D)" ~ (D3+D2+D+1) ~ 2(D3+D2+D+1)

(1 — cos2x)

e’ - cos 2x
2(D3+D%+D+1) 2(D3+D%+D+1)

1

_ 2
—D—4+D+1cos x

o
2

[
NlR NlR N|R=

1 —2sin2x—cos 2x

—4-1

CcoSs 2x

[=))

+1

5" (2sin 2x + cos 2x)

Yp =

I
|

The general solution of given diff. eqn is given by,




Yg=Yct+Yp=cC1€0sx+ cysinx+cze ™ + % +3—10. (2sin 2x + cos 2x)

(b) Change the order oflntegratlonf f x+3a — f(x,y)dxdy [6]
Ans: letl= [ [T f(x,y)dxdy
Region of integration is : \/az —x%2 <y< x+3a
0<x<a

i /Rz/;=x+3a
fﬂA R2
\\k

R1

A

v

ﬂ
/

x2+y? = a? \ X=a
J

Intersection of x=a and y=x+3a is (a,4a).

Intersection of x=0 and y=x+3a is (0,3a).

Divide the region into three parts R1,R2 and R3
~ R=R1UR2UR3

For region R1 : VaZ—yZ <x<a
0<y<a

For region R2 : 0<x<a
a<y<3a

For region R3: (y—3a)<x<a




Ja<y<4a

After changing the order of integration fro dydx to dxdy

~1= f() f\/EZ_yZ'f(x y)dxdy"'f f() (x y)dxdy fga f(y 3a)f(x y)dxdy

xy3
(c) Evaluate ff\“—zy_ dxdy , where R is triangle whose vertices are

(0,0),(1,1),(0,1). [8]

oyt
Ans: let |I= ff\/xzy ” _dxdy

Region of integration : Triangle whose vertices are (0,0),(1,1),(0,1)

A

Yy (1,1)
(0,1)

v

(0,0)

The equation of lines from diagram are : y=1,x=y
0<x<y

0<y<i1




Q

41 -y’ 1
= 2[ +a- 3/2 ]0
1 12
= 2[4 =43
[ = 1

.3.(a) Find the volume enclosed by the cylinder y?> = x and y = x?

Cut off by the planes z=0,x+y+z=2.

Ans : The solid is bounded by the parabolas y?> = x, x> = y in the x y plane .

ﬂ;&y

parabolas

v

In x-y-z plane x+y+z =2 is top base.

The volume between this curves is given by,

V= [[zdxdy = [[(2-x—y)dxdy

From the diagram we can conclude that the intersection point of both

Parabolas are (0,0),(1,1).




1 Vx
V= [0[5(2—x—y)dxdy

—fo 2y — xy — ]\/—dx

= fol[ (2Vx — x\/x — g) — (2x% —x3 — x—:)]dx

5
4x3/2 2x2 x?% 2x3 x4 x° -1
3 5 0o

<
Il
wlv-x
Sl

(b) Using Modified Eulers method ,find an approximate value of y

At x=0.2 in two step taking h=0.1 and using three iteration
Given that ?=x+3y , Y=1 when x=0. [6]
Ans : () Zy-x+3y X0=0,y,=1,h=0.1
Y = yo + h.f(x0,y0) =1+0.1(3)=1.3

* = Yo+ o [f(x0,¥0) + fr1,yD)]

Iteration X1 yi X1y, y.t,
0 0.1 | 1.3 4 ' 1.35

1 0.1 1.35 4.15 1.3575

2 0.1 1.3575 4.1725 1.3587

ly(0.1)=1.3587

(") X1 = 0.1, Y1 = 1.3587
y9 =1.77631

1 - Y1 +g [f (x2,y2) + f(x2, yrzl)]

Iteration X2 _ y5 X2Y2 _ ya',
0 0.2 1.77631 5.52893 1.8439




0.2 1.8439 5.7317 1.8540

0.2 1.8540 5.762 1.8556

v(0.2)=1.8556

(c) Solve (1 + x)2 2+ 1+ x)— +y = 4cos (log(1 + x)) [8]

Ans : (1+ x)Z 2+ (1+ x)— + y = 4cos (log(1 + x))
dv
Put x+l=v => ——=1
X
dy _dy
dx dv

The given eqn changes to,

2
2dy dy —
v dv2+vdv+y—4coslogv

Now putlogv=2z ..v=e*

[D(D—1)+ D + 1]y = 4cos z
» (D?> + 1)y = 4cos z
For complementary solution,
f)=0
~(D*+1)=0
Roots are : i,-1

The complementary solution of given diff. eqn is,

S Y=C1C0S Z + C,Sin z

For particular integral ,

1 1 z . B .
yp_f(D) X= (D%2+1) 4COSZ—4E sinz=2zsinz

~Yp=22zsinz




The general solution of given diff. eqn is given by,
Yg=Yc+tYp=C1€0sZ+ casinz+ 2zsinz

Resubstitute zand v,

Yg = cicos [log(x + 1)] + czsin [log(1 + x)] + 2 log(1 + x)sin [log(1 + x)]

-
Q.4.(a) Show that foa VX _dx = a\/ﬁ @ [6]

x3
3 3 1
a’—x o e
3

a x3
Ans: Lletl= fO \/mdx

1
Put x3=a®t => x=at3

Diff. w.r.t. x,
dx = g 1723 dt

Limits becomes — [0, 1]
| = f01 32 (1 - t)3/2.t‘2/3§ dt

= f01 t5/6(1 — t)3/2dt
3

5 3
= 2BC.D
37 6 2
Ver ) - .
| = aT1)6 ............ { from the definition of beta function}
3
(b) Solve (D? + 2)y = e*cos x + x*e3* [6]

Ans : (D% + 2)y = e*cos x + x?e3*




For complementary solution,
f(D)=0
~(D*+2)=0
Roots are : D = V2i , —V2i

Roots of given diff. eqn are complex.

The complementary solution of given diff. eqn is given by,

" ¥, = €1€0S V2x + cpsinV2x

For particular integral ,

1

Vy = — 2 ,3x
P fD) D2+1 D2+1
1 1
=e* —— —cosx+—x*e’*
(D+1)2+1 DZ+1
x 1 3x 1 2
== [0sxftle*=, 5
D2+2D+3 4 (D+3)%2+2
_ p,x 1 D-1 3x 1 2
7 pz—1 €0SX il DZT6DT11 "
1, e3x 6D+D?. _
= e*_(sinx+cosx)+ —[1+ F 7
4 11 11
1, ., e3x 6D+D*  36D>
= e*_(sinx+cosx)+ —[1— + +..]x?
4 11 11 121
: — px1a; e*r .2 12x , 50
- Yp = e'g(sinx+cosx)+ —[x°——+_71]

The general solution of given diff. egn is,

. 3x 12 50
Vg =Yc+ ¥, = €1€05V2x + czsm\/fx+ex (sinx + cosx) +—[x% ———+—]

2
(c) Use polar co ordinates to evaluate [ f% dx dy over yhe area

Common to circle x*+y? = ax and x*> + y> = by,a > b > 0. [8]




Ans : Letl= ff%dxdy
Region of integration is : Area common to the circle
x*+y% = ax and x* + y* = by
To change the Cartesian coordinates to polar coordinates
Put x=rcos@ and y=rsin@

Circles: r=acos@ and r=asin@

(x2+y2)2 r4-

The function becomes : f(x,y)= =
(xy)= x2y? rsin?0 cos?0

4
= sin220 = f(r' 9)

Ay r=asin 0

/
(e r=acos 0

Intersection of both circles is at angle = tan™! % .
Divide the region into two equal halves.
For one region, 0 <r < bsin@
0<60<a
For another region, 0<r<acos@
a<<Z
2

f j-bsm04rdrd0 J<ac0319 g4rdrd0
0 Jo sin?260 0 a sin2260

bsinf

Z 4 r*acos6
fO stZG[Z] 0 d9+fozsin220 5] de

0
2 ™
=1p2 fo‘x sec?0do + a_ficoseczede
2 2 Ja




1 2 az
=Eb tan < + ?cot (e

= a_b + a_b
2 2
| = ab
Q.5.(a) Solve ydx + x(1 —3x%?y*)dy =0 [6]
Ans : ydx + x(1 - 3x*y2)dy =0 e (1)
Compare the given eqn with Mdx + Ndy=0
~M=y ~N= x(l _ 3x2y2)
M _4 N = 1 — 9x2y2
ady dx
aM  aN
o 7

Hence the given diff. egn is not exact.
But the given diff. eqn is in the form of

yf(xy)dx + xf(xy)dy = 0

_ 1 _ 1
Mx—Ny  xy—xy+3x3y3  3x3)3

Integrating factor =
Multiply the L.F. to eqn (1),

1 1 1 -
3x3y2 dX + [3x2y3 = ;] dy —3 0

~ M4y = 132 lelwg_.},]

Now this diff. eqn is exact.

The solution of given diff. eqn is given by,

[ Mdx + f[N—%de]dyzc

IMydx= [_1 _dx 1,




a 1
a_nyl 3x2y3
7] 1 1 1
f[N1—a—ny1dx ldy = f[gxzyg_;_uzyg] y
= f__d == -]ogy

2

(b) Find the mass of a lamina in the form of an ellipse —2+ b—= 1,
a

If the density at any point varies as the product of the distance from the

The axes of the ellipse. [6]
Ans: Massof laminaisgivenby, M= [ [rdxdy

r is the density function r =k xy

Ellipse eqnis: — + y—z =1

>!V

S
==

0<y<bVaZ—x%/a

0<x<a

M= 4f fb\/a % kxydydx




—4kf bVaz—xZ/adX

=2k [ x. b—z (a®—x?)dx

—2’; f [a’x — x3]dx

_ 2kb? _a%x? xta

a? 2 I] 0

ka?b?
s M=
2

4

(c) Compute the value of ¢ Vsin x F cos xdx using (i)Trapezoidal rule

(ii)Simpson’s (1/3)rd rule (iii)Simpson’s (3/8)th rule by dividing into six
Subintervals.

[8]
W
Ans: Letl= fOZ\/sinx F cos x dx
Dividing limits into 6 subintervals . n=6
a=0 , b=" - -
T2 n 12
xo =0 X1 =m/12 | xy=2m/12 | X3 =3m/12 | x, = 47/12 X5 X6
= 5m/12 | = 6m/12
Yo=1 y1 =1.1067 | y, =1.1688 y3;_-1.1892 y4=1. 1688 v5-1.1067 Yo = 1
(i) Trapezoidalrule: 1= g[X + 2R] (1)
X = sum of extreme ordinates = 2
R = sum of remaining ordinates = 5.7402
m(z + 2(5.7402)) e (from 1)

1=1.7636
(i)  Simpson’s (1/3)" rule :




1I=2[X+2E+40] e (2)
X = sum of extreme ordinates = yy+ye=1+1 =2
E = sum of even base ordinates = y, + y, = 2.3376

O = sumof odd base ordinates = y, +y3 +y, = 3.4026

|=$(2 +2X2.3376 + 4 X 3.4026)  corerreernnnn. (from 2)

1= 1.7693

(iii)  Simpson’s (3/8) " rule :
1= [X+2T+3R] e (3)

X = sum of extreme ordinates = yy+ys =0+ 0.5 = 2

T = sum of multiple of three base ordinates = y3; = 1.1892

R = sumof remaining ordinates = y; + y,+y; + ys = 4.551

3Xm
sl= —[2+2%x1.1892+3 X 4.551 ]
~1 = 1.7702
fz 2 x2
Q.6(a)Change the order of Integration and evaluate’ f\/; Vi 2 dxdy[6]

fz 2 x?
—
Ans: Letl= ~, 2y Vi 52 dxdy

Region of integration : \/Zy <x<2

0<y<2

Curves: (i) x=2 'Y= 2,y=0 arelines.
(i) x=vV2y => 2x%2=2y

Parabola with vertex (0,0) opening in upward direction.




(2,2)

=2 \

v

After changing the order of integration:

IA
IA

0<y
0

N ~|R,

I/\
I/\

fo fo ot S dydx

TN f"

(b) Evaluate [ [ [ x2dxdydz over the volume bounded by planes x=0,y=0

z=0and " +7+°=1.
a b ¢
Ans: LetV= [[[x?dxdydz

[8]




Region of integration is volume bounded by the planes x=0,y=0,z=0
And=+2+2=1

a b c
Put x=au , y=bv, z=cw

. dxdydz = abc du.dv.dw

y u+v+w=1

V<

The intersection of tetrahedron with all axes is : (1,0,0),(0,1,0),(0,0,1).
O<w<(1-u-—-v
0<v<(1-wu
O0<u<1i

The volume required is given by,

V = fol fol_u fol_u_v abc a’*u? dudvdw

a3bc fol fol_u(l —u —v) u*dvdu

= 3phe (Y2l 1) — V11— U
= a’bc [, u?[v—uv ]

5 Odu




204_.N\2
= a3bcf01u2[1—u—u+u2 u(lzu))]du
= @b oty _1ad 14 w0l
a’be | ; T3 2GR
. - 1.3
~V = %(a bc)

3x
(c) Solve by method of variation of parameters : (D> — 6D + 9)y = 2—2[8]

e3x
Ans : (D* —6D +9)y = 2

For complementary solution,
fp)=0
~ (D*—6D+9)=0
Rootsare: D=3, 3 Real roots but repeatative.

The complementary solution of given diff. eqn is,

» Y= (c1txcz)e’*

For particular solution,

By method of variation of parameters,

—y, X
Yp = Y1P1 1+ Y2P2 where p; = [ ; dx
X

P2 = fle dx

Y1 Y2

w=[, "/

yi Y2

eSx xe3x 6x

w=| e

3 3% e3"+3xe3"|=
— 3x -1
pir= [ dx=["* " dx=[__dx= —logx
e6

w x2 x




3x
_ y1 X _ e3" e _ 1 _ -1
P2 = f_w dx—fax.—xzdx—fx—zdx—7

e

The particular integral of given diff. eqn is given by,

~yp = —e**log x — e3* = —e3*(log x + 1)

The general solution of given diff. eqn is given by,

Vg =Yc+Yp = (c1+xcz)e3* — e3*(log x + 1)




